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Chapter 1

Mass transfer by diffusion,
Nernst boundary condition

1.1 General diffusion equations

From:

OAc(r,t) o 1ad (zd_laAc@c,w)

ot Oz o

where A denotes a smal deviation (or excursion) from the initial steady-state
value, d = 1 corresponds to a planar electrode, d = 2 to a cylindrical electrode
(radial diffusion) and d = 3 to a spherical electrode [5, 25] (Fig. 1.1), it is
obtained, using the Nernstian boundary condition Ac(rs) = 0:

Z*(u) x AJ(rg,iu) _ Id/2—1(\/ﬁp) Kd/271(\/E) — Id/271(\/ﬁ) Kd/zq(\/ﬁp)
AC(TO71U) \/E (Id/Q(\/E) Kd/2—1(mp) + Id/2—1(\/i_up) Kd/g(\/ﬁ))

where u is a reduced frequency and p = r5/rg. I,(2) gives the modified Bessel
function of the first kind and order n and K,,(z) gives the modified Bessel func-
tion of the second kind and order n [35]. I,,(z) and K, (z) satisfy the differential
equation:

—y (n2+z2)+zy’+z2y”:0

. Y (8

Figure 1.1: Planar difusion (left), outside [15] (or convex [22]) diffusion (p = rs/ro >
1, middle), and central (or concave) diffusion (p < 1, right).
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1.2 Semi-infinite diffusion

1.2.1 Semi-infinite linear diffusion

d=1, Ac(oo) =0
Impedance [32, 4]

W
|

Figure 1.2: Warburg element [34].

1-i)o 20 o o
Zw(w) = = Re Zw(w) = ——=, Im Zw(w) = ———
w(w) N 7o Re w(w) 7o m w(w) TG
1 F
= F X VaDx = BT X* : bulk concentration, o unit: Q cm? s~/2
Reduced impedance
Ziy(w) = Zw(w) = — Re Zw(u) = —=—, T Zyw(u) = ——
u) = w) = y U= ) U) = —F7/—, 1m = T T
W W Viu 202 W V2u W V2u

—ImZz,

Re Z,

Figure 1.3: Nyquist diagram of the reduced Warburg impedance.

Randles circuit

The equivalent circuit in Fig. 1.4 was initially proposed by Randles for a redox
reaction O + ne — R [27].

0 =00 + 0OR



1.2. SEMI-INFINITE DIFFUSION

Figure 1.4: Randles circuit for semi-infinite linear diffusion

Impedance
Z(w) = 1 . —i((1—1) 6+ vw Ret)
= = — : i
idel—i—ﬁ —1\/u_}+(171) ocwCq + w2 Cq1 Ry
RC(’, + T
Re Z(w) = 0 + Vo et

\/u_) (1+20\/u70d1+202w0d12+20w% CdlzRthLwQCde ot )

Im Z(w) = _‘7_202\/acd1—20w0d1R?—w% Ca Ret?
Ve (1—'—20\/“70(“""QUQL‘JCdIQ"'QUW5 Caqi? Rey + w? Cy

R.?)

”The frequency response of the Randles circuit can

be described in terms of two time constants for faradaic (7) and diffusional (74)
processes” [33] (Fig. 1.5).

Reduced impedance

7% (u) = Z(u) _ (14+1)T (i+u)
Ree T \2u+(1+i) (=1+T +iu)u

u=Tqw, 7a = R%/ (20°), T = 1a/7t, 7t = Ret Can
T2 (f (V2 (-1 +u)) +2u%)
Re Z*(u) =
2\/§Tu(17T+u)+2\/1_L(T2+(—1+T)2u+u3)
. T (V2T (-1—u)—2yu (1 =T +u?))
Im Z*(u) =
2V2Tu (1—T + u) +2\/6(T2+(—1+T)2u+u3)
. N 1 1
i:rrlOReZ(u)zl \/—_u 3:H101mZ() Vo

1.2.2 Semi-infinite radial cylindrical diffusion (outside)
d=2, Ac(oco) =0

70 = i
lim —Im Z*(u) = Z’ Re Z* (uc) = g Ue = 0.542
(Fig. 1.6)
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-ImzZ*
-
-Imz*
-

0 o
0 1 2 3 0 1-4T 2 3

Figure 1.5: a: Nyquist diagram of the reduced impedance for the Randles circuit
(Fig. 1.4). Semi-infinite linear diffusion. T = 1,2, 5,10, 16.4822, 10%,10*. Line thick-
ness increases with 7. One apex for T" > 16.4822. The arrows always indicate the

increasing frequency direction. b: Extrapolation of the low frequency limit plotted for
T =5.

0 /4 2 4
ReZ*

Figure 1.6: Reduced impedance for semi-infinite radial diffusion outside a cicrcular
cylinder. Dot: reduced characteristic angular frequency: u. = 0.542.

1.2.3 Semi-infinite spherical diffusion

d=3, Ac(co) =0

Z*(u) = TV u=riw/D
s 2+4V2u oy Vu
ReZ(u)—2(1+m),ImZ(u)— NN (Ve TR
(Fig. 1.7)

1.3 Bounded diffusion condition (linear diffusion)

Ac(rs) =0
” Originally derived by Llopis and Colon [20], and subsequently re-derived by

Sluyters [29] and Yzermans [37], Drossbach and Schultz [13], and Schuhmann
[28]" [4].
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M Uc=1
N
0
0 0.5 1
ReZ

Figure 1.7: Reduced impedance for spherical (outside) diffusion. Dot: reduced char-
acteristic angular frequency: u. = 1.

e IUPAC terminology: bounded diffusion [30]

e Finite-length diffusion with transmissive boundary condition [17, 21]

tanh viu

Ziy (u) = S2AVIY
WJ( ) \/E

lin})Z{,“vs(u) =1, lim ViuZy,(u) =1
sin(vy) + sinh(y)

7 (cos(v) + cosh(v))

, U= TqWw, Tq :52/D, vy=v2u

sin(vy) — sinh(7)
7 (cos(y) + cosh(v))

Re Zy,(v) = » Im Zgy, () =

W6

Figure 1.8: Bounded diffusion impedance.

05F Uc=2.541

/

—Im

—n/4
0 ‘
0 0.5 1

Re Zjys

Figure 1.9: Nyquist diagram of the reduced bounded diffusion impedance.
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— W
— & —W;
Figure 1.10: Randles circuit for bounded diffusion.

1.3.1 Randles circuit

Impedance
tanh\/_
Zi(u) = Rey + R4 ————, 4 =Tqw, Tq = 02/D
sin(vy) + sinh(7y)
Re Z =R R V2
e Zi() et + M v (cos(7y) + cosh(y))’ 7=
sin(y) — sinh(y)
Im Z =
A = S eos(3) 1 cosh(7))
tanh /i
Rct + Rd M
Z(u) = Zg(u) _ Viu
1+i(u/7‘d)cd1 Zf(u) tanh V1
1+i(u/ma) Car Rct+RdM
Viu
Reduced impedance
(Fig. 1.11)
14 tanhviu
Rc +Rd
t (1+1) l+iuT +iu Ttanh\/m
p popViu

p = Ret/Ra, T = 11/7a, Tt = Ret Car

1.4 Radial cylindrical diffusion

d =2 [15] (Fig. 1.1)

1.4.1 Finite-length diffusion outside a cylinder

Lo(Viup) Ko(Viu) — Io(viu) Ko(viup)

Z*(u) =
Log(p) Viu (Tu(viw) Ko(Viu p) + To(viup) Ki (Vi)
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2 -
Q
o 0
o
_2 .
-4 -2 0
logT

Figure 1.11: Impedance diagram array for the Randles circuit with bounded diffusion
(Fig. 1.10).

U= rgw/D, p=rs/ro

Fig. 1.12 rectifies erroneous Figs. 7 and 8 in [23].

0.5

-ImZ

0 0.5 1
ReZ

Figure 1.12: Central (p < 1) and outside (p > 1) cylindrical diffusion impedance.
p = rs/ro = 1072,107%,0.4,1.01,2,5,20,100. The line thickness increases with
p. Dots: reduced characteristic angular frequency (apex of the impedance arc):
ue = 0.514484, 1.22194, 4.74992, 25516., 3.40142, 0.298271, 0.0186746, 0.000800438. wu.
decreases with increasing p.

1.4.2 Semi-infinite outside a cylinder

2027 = K (Vi)

(Fig. 1.6)

1.5 Spherical diffusion

d =3 [15] (Fig. 1.1)
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1.5.1 Finite-length difusion outside a sphere, reduced impedance

41
(Fig. 1.13)
2" () ! 20/D, p =15/
U ,u=row/D, p=rs/ro
(1=1/p) (14 Viu coth(viu (-1 +p)))
0.5
2
N x| .
£ > 1
- o
' 0
0 -1
0 0.5 1 01 5 10
ReZ" r

Figure 1.13: Central (p < 1) and outside (p > 1) spherical diffusion impedance. p =
rs/ro = 0.1,0.4,0.91, 1.1, 2, 5,50. Line thickness increases with p. Dots: reduced char-

acteristic angular frequency: u. = rg w/D = 0.3632, 3.095, 289, 275.8, 4.547, 0.6927, 1.
Change of log u. with p.

1.5.2 Finite outside sphere, reduced impedance # 2
(Fig. 1.14)

1+6 9
7* — , = — D, J= —
() S+ +Viu coth(\/ﬁ) u=(rs—ro)w/ (rs =ro)/ro
0.5

) -
E

0

0 0.5 1

Re Z'

Figure 1.14: Central (§ < 0) and outside (§ > 0) spherical diffusion impedance.
0 = (rs —ro)/ro = —0.99,—-0.8,—0.5,—0.1,0.1,1,3,100. Line thickness increases
with §. Dots: reduced characteristic angular frequency: u. = (rs — ro)2 w/D =

0.0299,0.577,1.37,2.32, 2.76, 4.55, 8.33, 10*, u. increases with §. Change of log u. with
d.
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1.5.3 Infinite outside sphere

(Fig. 1.7) 1
plLIEOZ*(u):1+m,u:rgw/D
g = 2V Vu
Re W) = v vaey ™2 M =" Bt Vet
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Chapter 2

Mass transfer by diffusion,
restricted diffusion

2.1 (General diffusion equations
From:

ot Ox ox

where A denotes a smal deviation (or excursion) from the initial steady-state
value, d = 1 corresponds to a planar electrode, d = 2 to a cylindrical electrode
(radial diffusion) and d = 3 to a spherical electrode [5, 25] (Fig. 1.1), it is
obtained, using the condition AJ(rs) = 0:

AJ(royiu) _ Tap-1(Vin) Kapp(Viup) +Taja(Viup) Kgpoo1(Viu)
Ac(ro,iv)  Viu(Ige(Viup)Kep(Viu) —Teo(Viu)Kap(Viup))

Terminology [24]: bounded system [16], finite-space diffusion [1, 2], finite
length diffusion [18], restricted diffusion [10, 9, 12], reflective boundary condi-
tion [26], impermeable boundary [36], impermeable barrier condition [15], im-
permeable surface [11].

A A
OAc(z,t) :le_dg (wd_la c(x,t))

7" (u)

2.1.1 Internal cylinder and sphere with null radius

T():Ov

M s,d

Figure 2.1: Restricted diffusion impedance. d = 1: thin planar layer, d = 2: cylinder,
d = 3: sphere.

() = Lijo—1(Viu)
2 e (Vi)

15
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1 id
i 2°(u) = s = Jim Vi) = 1

2.2 Linear diffusion

d=1
7 (u) = Id/%l(ﬁ) _ I_y/2(Viu) _ cothviu
\/ﬁldﬂ(\/E) \/ﬁhp(m) Viu
lim Z* (u) = % - i lim_ ViuZzZ*(u) =1
u=Tqw, T4 =02/D, v = V2u
ey _sin(y) —sinh(y) . sin(3) 4 sinh(y)
Re 2700 = Teosty —com() ™ 770 = S cos(r) — coshi()
d=1 d=2 d=3

-ImzZ*
-Imz*
-Imz*

1/3

1/4
1/5

Figure 2.2: Nyquist diagram of the reduced impedance for the restricted diffusion
impedance plotted for d = 1, 2, 3. Dots: reduced characteristic angular frequency:
Ue1 = 3.88, ucz = 11.7, uc3 = 22.3.

Reduced characteristic angular frequency: ue ~ 3 (d(d+2)) [5], 5.12 [3], 4 [8],
3.88 [7].
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1
4
Il
4
1.2 r I,
4
4
4
4
d
d
d
]
0.9+ 4
,I
* 1
N i
E I/
- 1
I 0.6¢F / .
) .
! 4
1 -
1 e
F
u~51 // .~
/.
0.3+F 4%
1
1
T /7
S | —a—
4/
O L
0 0.3 0.6
Re Z*

Figure 2.3: Nyquist diagram of the reduced modified restricted diffusion impedance,

plotted for o = 0.8. u. depends on « [7].

2.2.1 Modified restricted diffusion impedance

Viu replaced by (iu)? (a: dispersion parameter)

5
) , U= Tquw, Td:52/D, y=V2u, f=1—a/2

7 () = Cot(lll%
. 2% (sin(7) sin(2” y* sin(%?)) — cos(%?) sinh(27 1 cos("3*)))
Re 2°(1) = 7 (cos(2777 sin(E2)) — cosh(27 7 cos(ZE))
ey 28 (cos(%2) sin(2 7 sin(%)) + sin(%) sinh(27 3 cos(%)))
Im Z°(y) = 7o (cos(28 7 sin(%2)) — cosh(2 77 cos(Z2)))

2.2.2 Anomalous diffusion impedance

[6]
hG v/2
2w) = g SRR <
(iwra) "

Z th (iu)?/?
(w) _ coth(iu) o= Ty = (B

52 1/~
Z * = =
(u) Rd (iu)lf'y/Q ) )

The D unit (D/cm? s=7) depends on .

¥ =1 (cos () sin (2u7/2 sin (%)) — sin (Z2) sinh (2u7/2 cos (Z2)))
— cosh (2u7/2 cos (Z))

* _ 4
Re Z7(u) = cos (21ﬂ/2 sin (%))
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-Imz*

0.4+
0.6

=1

0.5 0 0.5
Re Z” Re Z*

Figure 2.4: Nyquist diagram of the reduced anomalous diffusion impedance. Left:
~v = 0.8, right: change of Nyquist diagram with v (v : 1, 0.9, 0.8, 0.7, 0.6). Dots:
u=75 [6].

us 1 (sm (“47) sin (21ﬂ/2 sin (%)) + cos (%2 ) sinh (2u"7/2 cos (T'V)))
™

Im Z* =
m 27 (u) cos (2u)/?sin (7)) — cosh (2u7/2 cos (1))

(Fig. 2.4)

2.3 Cylindrical diffusion
d =2, 6: cylinder radius

Lipa(Viv)  To(Viu)

Z*(U) N \/ﬁld/z(\/i_u) a \/ﬁh(\/ﬁ)
. . 1 21 - "
&LmoZ (u):zf;, uILH;OmZ (u)=1

u="Tqw, 74 = 0%/D

2.4 Spherical diffusion

d = 3, §: sphere radius

Lijo—1(Viu) _ I 2 (Vi) _ 1
Viula (Vi) ~ Viulya(Viw) ~ —15 viu coth vin

Z*(u) =
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35
—1, lim vViuZ*(u) =1
U u—oo

|
lim 2°(w) = 3

u=Tqw, Ta =02/D, v =2u
2 cos(y) — 2 cosh(y) + v sin(y) + v sinh(~)
(=24 72) cos(y) + (2 +~2) cosh(y) — 2 (sin(y) + sinh(v))
7 (sin(y) — sinh(y))
(=2 +72) cos(y) + (2 ++?) cosh(y) — 2 (sin(y) + sinh(y))

Re Z%(v) =

Im Z%(7) =

2.4.1 Randles circuit for restricted linear diffusion

Impedance
cothviu Zg(u) 2
Zi(u) = Rey+ Ry ————, Z(u) = - , u=Tqw, g =0°/D
t(u) t T Ld Viu (u) 1+i(u/7a) Ca Zs(u) ¢ ‘ /
Ca
[
]
n I
N
Zy

Figure 2.5: Randles circuit for restricted diffusion.
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Chapter 3

Gerischer and
diffusion-reaction
impedance

3.1 (Gerischer and modified Gerischer impedance

3.1.1 Gerischer impedance

. 1
Zel) = e

”In view of the earliest derivation of such an impedance by Gerischer, [14] it
seems a good idea to name it the ”Gerischer impedance” Zg” [30, 31].

*

Ny

-ImZ

o

0 V38 1

ReZ;

Figure 3.1: Reduced Gerischer impedance. Some caracteristic values are given in [19].
Phase angle for dashed lines : —7 /8, —m /6 and —n /4 respectively.

lin})Zé(u) =1, lim viuZi(u) =1

U— 00

21
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arctan(u)
Re 72, (u) = sl ) VViru !
G\ (14 u2)¥4 V2V u 2 Va

sin( arctan(u) )
ImZa(u):— 214 _ Vi+u?2—y1
(1+u2) V2V +u—2\/u
dIm Z¢ (u) —2++V1i+u2u

T = - =0=u. =3
2v2V1+u=2y/V1I+u2— = u(l+u?)
u

3.1.2 Modified Gerischer impedance

" 1
Zeolt) = e
04+
3 AN
E
|
0 .
0 0.5 1
Re Zg,
g
e
5 5
™
%
ES
— 0Ok .
0.5 0.75 1
@ a

Figure 3.2: Reduced modified Gerischer impedance. a = 0.5,0.6,0.7,0.8,0.9,1. The
line thickness increases with a. Dots: characteristic frequency u. at the apex of the
impedance arc. Change of u. for the modified Gerischer impedance (solid line) and

change of v/3/a with a (dashed line). u. ~ v/3/a for a € [0.53, 1] (|(uc —v3/a)|/uc <
5%).

u® sin( 52
cos(1arctan( (%)

14+ u® cos(Z

Re 24, (u) = &
(1+u20‘+2u0‘ cos(%5*) )
)

)

N \_/

u® sin(%5* )
1+ u® cos(%5*)
(1+u?® +2u® cos(Z2))*

sin(garctan(

Im Z¢&, (u) = —
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3.2 Diffusion-reaction impedance

3.2.1 Reduced impedance #1
7*(u) = VA tanhviu+ X
~ tanh VA Viu+ A
lim Z*(u) =1, Jim Vi + X Z*(u) = VA coth VA

u—0
tanh viu 1
VI N = 00 = Z7(u) ~ Z5(u/)) =

A= 0= Z"(u) = Ziys(u) =

Viu V1+iu/A
05-
N AN
E
[
0 I
0 0.5 1
RezZ* log A

Figure 3.3: Diffusion-reaction reduced impedance #1. A = 1073,1,10%. The line
thickness increases with A. u. = 2.542, 3.657, 1732. Change of log u. with log A for the
diffusion-reaction reduced impedance #1. A — 0 = ue — 2.54, A — 00 = ue = AV/3.

VA coth(\/X) (sinh( (u + )\2) Cay) ) Cayy + sin(2 (u + )\2)% SAyx sau,\)
1
I

Re Z*(u) = :
(u2 + 22)i (cos(2 (U2 + A2)% say) + cosh(2 (u2 + \2) cauA))
t Lz t L
s — cos %) sty = sin(retan),
VA coth(\/X) (sin(2 (u + )\2) SQy)) Cayy — sinh(2 (u + )\2)% Cay sauA)
Im Z*(u) = -
1

(u? 4+ )\2)% (cos( (u? + )\2) saqyx) + cosh(2 (u? 4+ A?) cauk))

3.2.2 Reduced impedance #2
7 () VX coth VX tanh /(1 +iu) A
u) =

(I+iu) A
lim 7*(u) =1, lim (1+iu) A Z*(u) = VX coth VA
tanh y/iu/A 1
im Z* =7 A lim Z* 7% _
iy 27(u) = Zwslu/A) = =22 i, 27(w) = 25(0) = J=g

coth(\/X) (sinh(2 (1 + uQ)% Vcay) cay, + sin(2 (1 + u2)i VA say) sau)

Re Z*(u) = 1 1 1
(1+u2)i (cos(2 (1+u2) VA say) + cosh(2 (1 +u2) \/Xcau))
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05+r

—Imz*

0 05 1
ReZ* log A
Figure 3.4: Diffusion-reaction reduced impedance #2. A = 107%,1,10®. The ILine

thickness increases with A. wu. = 25407, 3.657,1.732. Change of log u. with log A for
the diffusion-reaction reduced impedance #1. A — 0 = uc ~ 1/(2.54 ), — co =

ue — /3.

(arctan(u) ) ) (arctan(u) )
cay = cos | ———— ), say =sin | ————

coth(\/X) (sin(2 (1 + UQ)% \/Xsau) ca,, — sinh(2 (1 + UQ)% Vcay) sau)

Im Z*(U) = 1 1 1
(1+u2)7 (cos(2 (1+u2)7 VA say) + cosh(2 (1 + u2)F \/Xcau))
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3.3 Appendix

Table 3.1: Bounded diffusion and diffusion-reaction impedance.

25

Denomination Reduced Nyquist impedance diagram
impedance
Warb YA 1
arbur =
g w \/E
Us.=2.541
Bounded ge tanh viu \
diffusion Ws T i
-n/4
0
0 1
ue=1
Semi-oco
1 .
spherical RS ﬁ \
diffusion T Vi ol A ‘
0
1 N
i — /4 ------- Tmmmemoooooooo—oomee
c?’?irr?(lirci)zal zZ* = Ko(viu) ‘ 0.542
= 1 1 U.=0.54
diffusion fu Ky (Viu) 0 ! ‘
0 /4 2
i
Gerisch 2= ——
erischer G — \/H—iu
—n/4
0
0 1
Uczﬁ/a’
Modified Zs, = 1 AN
Gerischer “ 1+ (fu) ,
0 —an/4
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Table 3.2: Restricted diffusion impedance.

Denomination Reduced Nyquist impedance diagram
impedance
d=1
1
Restricted -
coth viu
linear Insy = ——=——
diffusion r
d=2
1
Restricted Io(viu)
cylindrical Zf\kw.,z = T
diffusion tuli(Viu)
d=3
1
Restricted 1
* ™
spherical I\is3 = : : N
diffusion -1+ +Viu cothViu o
15041
0 :

o
[u
)]
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Table 3.3: Restricted diffusion impedance/continued.
p
Denomination Reduced Nyquist impedance diagram
impedance
12}
0.9
Modified p 5
. . E !
linear P coth (iu) E s
restricted (i u)a/ -
diffusion w~s1 /)
T / II 4
/o
Ay
2
0 4
0 03 06
ReZ*
12}
09}
Modified p 5
. SN E !
linear P coth (iu) E ol
i . 2 , P
restricted (i u)a/ -
diffusion w~s1 /)
03} #
(4 [
/o
“a [T
0 03 06
ReZ*
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